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TABLES OF JOXNT PROBABILITIES USEFUL I N  EVALUATING M I X E D  
ACCEPTANCE SAMPLING PLANS 
by 
E. G. S c h i l l i n g  1 
and 
and provides t a b l e s  f o r  t h e  evaluation of OC curves and assoc ia ted  measures 
of dependent mixed va r i ab le s -a t t r i bu te s  sampling plans f o r  t h e  case of  
single specification l i m i t ,  and known standard deviat ion,  assuming a normal 
d i s t r i b u t i o n .  The t a b l e s  give values of Pn(i,x > A), the j o i n t  p robab i l i t y  
- 
of a sample mean greater 
sample, f o r  sample s i z e s  
de fec t ive  p = .005, .01, 
These t a b l e s  can be 
than some limit A and exac t ly  i defec t ives  i n  a 
n = 4 t o  10, values of i = 0, 1, 2, and f r a c t i o n  
-02, e05, .lo, 015, e2O. 
used i n  assess ing  the  p rope r t i e s  of var ious types 
of dependent mixed plans,  by s e t t i n g  up the  appropriate  equations f o r  such 
measures as the  p robab i l i t y  of acceptance (Pa>, average sample number (AS), 
average outgoing q u a l i t y  (AOQ), and average t o t a l  inspec t ion  (ATI) .  
method f o r  eva lua t ing  one such plan of p a r t i c u l a r  importance is presented 
below f o r  reference. 
The 
2. PROCEDIRE AND EVALUATION 
2.1 Procedurq 
Technical Report No. N-27 presented a general ized dependent mixed 
'The material in t h i s  r epor t  is baaed i n  p a r t  on work being done in 
prepara t ion  of a doc to ra l  dissertation a t  Rutgers - The S t a t e  University.  
D i s t r i b u t i o n  of this document is unlimited. 
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procedure, with provision f o r  two a t t r i b u t e s  acceptance numbers, which i s  
f e l t  t o  be espec ia l ly  advantageous because of i ts  p o t e n t i a l  and f l e x i b i l i t y .  
This procedure is  given below together  with the  formulas that apply t o  it. 
The formulas a r e  given f o r  t he  case of an upper spec i f i ca t ion  l i m i t  (U). 
When a lower spec i f i ca t ion  limit (L) is involved, the  procedure and the  
formulas are e a s i l y  modified by revers ing  a l l  i n e q u a l i t i e s  in the  var iab les  
cons t i tuent  of the plan and changing t h e  sign of t h e  argument i n  t h e  tables 
given i n  the  appendix t o  convert t o  t a b l e s  of Pn(i,y 5 A). 
L e t :  
N = l o t  s i z e  
n = first sample size 
n = second s m p l e  size 
A = acceptance l i m i t  
c1 = a t t r i b u t e s  acceptance number on first sample 
c = a t t r i b u t e s  acceptance number on second sample. 
1 
2 - 2 on sample mean (XI 
2 






6 .  
Determine the  
Take a random 
If t h e  sample 
If the sample 
parameters of t h e  mixed plan: nl, n2, A, c19 c2. 
sample of n from t h e  l o t .  
average x S A, accept  t he  l o t .  
average 5; > A, examine the first sample f o r  the 
1 - 
number of defec t ives  dl therein.  
If dl > cl# r e j e c t  the  l o t .  
If dl 5 cl, take a second random sample of n2 from the  l o t  and 
determine the  number of defec t ives  d2 therein.  
Of the  several  methods of specifying t h e  va r i ab le s  cons t i t uen t  of known 
standard deviation (CT)  var i ab le s  plans, designat ion by sample s i z e  b,) 
and acceptance l i m i t  on t h e  sample average (A) is used here  s ince  i t  
s impl i f i e s  the nota t ion  somewhat. Note t h a t  A = (U - b> f o r  upper 
spec i f ica t ion  limit (U) and standard va r i ab le s  acceptance f a c t o r  k. 
A = (L + bn) if a lower spec i f i ca t ion  limit (L) i s  employed. 
2 
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I -  
7. If i n  the combined sample o f  n = n + n the  t o t a l  number of 1 2' 
defec t ives  d = d  + d  S c 2 ,  accept the  l o t .  
8. I f  d > c2, re ject  the  l o t .  
When semi-curtailed inspect ion is employed, a des i r ab le  p rac t i ce  and 
normally t o  be recommended, the procedure rena ins  the  same, except t h a t  
i f  c i s  exceeded a t  any time during t h e  inspec t ion  of t he  second sample, 
inspect ion is  stopped at once and t h e  l o t  is re jec ted .  
2 
The operat ing c h a r a c t e r i s t i c  curve and assoc ia ted  measures of  the  
plan can be determined us ing  t h e  formulas ahown i n  Table 1, where, 
P(V) = probabi l i ty  of V 
P(V,W) = j o i n t  p robab i l i t y  o f  .V and W 
P(i;n) = probab i l i t y  of i defec t ives  i n  a sample of n. 
Under semi-n\rtai%ed inspection the formulas f o r  Pa, ATI, and AOQ remain 
the  same 88 f o r  complete inspection of the second sample and are sa shown 
i n  Table 1; however, t he  average sample number under cu r t a i l ed  inspec t ion  
(ASNc) becomes t h a t  shown i n  Table 1. 
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TABLE 1 
FORMULAS FOR PROBABILITY OF ACCEPTANCE AND ASSOCIATED MUSURES 
Measure 
~~~~~ 


















P = P(y 5 A) + C C Pn (i,; > A)P(j;n2) 
id j d  1 a 
c1 
ASN = nl + n2 C Pn ( i ,T> A) 
id 1 
n +1 c,-i+l 2 
c L * k=c2-i+2 
I 
AT1 - ASN + (Nanl) C Pn (i,; > A) + 
i'Cl+1 1 
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It is  possible  t o  evaluate  the  expressions shown above using tables 
as given i n  
A) f o r  a "standard normal universe1' (i.e., normal, p = 0, Q = 1) 
the appendix of  t h i s  report .  
f o r  a p a r t i c u l a r  appl ica t ion  can be found by use of t h e  z 
To accomplish t h i s  t h e  value of 
transformation. 
Let :  
c1' 
0 "  
P =  - 







standard deviat ion 2 known 
f r ac t ion  defec t ive  
where 2 and*e are standard normal devia tes  such that A 
and 
The tables i n  the  appendix are entered with these values f o r  the  sample mean and 
the  acceptance l i m i t .  
Note t h a t  f o r  values of z < -2.50, 
Direct ions f o r  t h e i r  use are given i n  .the appendix. 
Variables plans t o  be incorporated i n  a mixed procedure are o f t en  
expressed i n  terms of sample s i ze ,  n, and acceptance f a c t o r  k. The 
r e l a t i o n s h i p  between k, A, z and gU is  shown i n  Figure 1. A 
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Probabi l i ty  of 
Acceptance on 
Variables Sample 
As an i l l u s t r a t i o n  of the  method of eva lua t ing  a given plan, consider 
t h e  following example: 
The maximum temperature of operat ion f o r  a c e r t a i n  device i s  
spec i f ied  as 209.0’F. The standard deviat ion of the process 
producing these devices is  known t o  be 4.0°F from past exper- 
ience subs tan t ia ted  by a cont ro l  chart. Suppose, a r b i t r a r i l y ,  
the plan3 t o  be applied i s  as follows: 
n = 5  k = 2.0 1 
2 n = 20 c 1 = 1 , c 2 = 2  
For t h i s  the  procedure.would be ca r r i ed  out  as follows: 
Original Units 
!Craneformed z Units 
2 O bk--cl zv 
Figure 1 - Relationship Between k, A, e and zu A 
2.2 ExamPle 
3Normally w e  would not  expect t o  use cl=l f o r  a small sample Of n1’5r 
but  it is used here  t o  show more f i l l y  w h a t  c a l cu la t ions  may be involved. 
TECHNICAL m R T  NO. N-28 
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STEP 
1, Determine parameters of plan. 
2. Take sample of nl = 5 from lot. 
3. If TS A, accept t he  lo t .  
- 
4. If x >  A, examine first sample 
f o r  number of defectives,  dl, 
therein. 
5 .  If dl > cl, reject the  l o t .  
6. If dl s c1 take second sample 
of n2 = 20 and determine 
number o f  defectives, d2, 
therein. 
7. If ih b&bined sample, t o t a l  
defectives d = dl + d2 S c2, 
accept the lo t .  
8 ,  If d > c2, reject the  l o t ,  
RESULT OR ACTION 
n = 5, n2 = 20, A = 201.0, c1 = 1, c2 = 2. 1 
I 
x = 204; 
step. 
not  S A = 201.0, so go t o  next 
No sample value > U = 209.0, so dl = 00 
dl = 0; n o t >  c1 = 1, so go t o  next step. 
Second sample resu l t s :  3 defectives,  i n  
n = 20, so d2 = 3. 2 
go t o  next s tep,  
Suppose the  probabi l i ty  of acceptance and associated measures are t o  
be calculated f o r  f r ac t ion  defective p = .02. 
Thus, s ince the d i s t r ibu t ion  i s  normal, p = .02 implies the d i s t r ibu t ion  
of individuals  f o r  p = .02 w i l l  be a s  indicated i n  Figure 2, and from a 
4 normal probabi l i ty  table we f ind  zu = ,205 f o r  p = -02. Thus , 
= zU - k = 2.05 - 2.0 = 0.05 A 
4The example is f o r  a mixed plan specif ied i n  terms of nl, k, n2, c1 and c2. 
For plane having var iab les  consti tuant specif ied d i r e c t l y  i n  terms of 
acceptance limit A and first sample s i z e  5,  determine z 
The re la t ionship  between p ,  A, U, zA, zu and k is shown i n  Figure 1. 
U-A as z A = z U - ( q ) .  A 
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I ?? ? x O r i g i n a l  Units 
. 
5 Transformed pi Units 
OQ ? 
tc- kP2 4 
0 (u 
Figure 2 - Dis t r ibu t ion  When p=.02, Known 04.0 
The following, then, are the probabi l i ty  of acceptance and associated 
measures of the plan given above. Note, that i n  ca l cu la t ing  the p robab i l i t y  
of acceptance under the var iable8 p a r t  of the plan, P('f S A), eA is adjusted 
by multiplying by Kl t o  expreaa the devia t ion  of A from 
atandard e r r o r  of the mean, u- 
in terms of the 
80 that the standard normal probabi l i ty  x = O / f i '  
tables can be used. 
P n ( i , z >  A) i n  the  appendix since the tables are cons tmcted  t o  be evaluated 
d i r e c t l y  i n  terms of the atandard devia t ion  of ind iv idua ls ,  a .  
1. Probabi l i t v  O f  Accer, tan ce ( a t  p = .02) 
No such adjustment is necessary i n  f ind ing  values Of 
c 1 C2'i 
p = p ( z s  A >  + C C Pn ( i , z >  A)P(j;20) 
530 j=o 1 a 
2 1 
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i 
2. AveraRe Sample Number (at p = .02) 
1 C 
ASN = nl + n c pn (i,Y> A) 
2 i = 0  1 
1 
i = O  
= 5 + 20 c P5(i ,Z> ZA> 
3. averaae Sample Number Under Semi-Curtailed I n s m c t i o n  (at P = 002) 
20+1 2-1 
j=O 
C P(k;20+1) + 20 C P(j;20) 
1 - 
= 5 + C P5(i,z>0.05) 
130 
1 21 2-0 C P(k;21) + 20 C P(j;20) Oo2 k4-0 j=O = 5 + e3736 
1 21 2-1 Oo2 k4-1 j=O + .078 [- C P(k;21) + 20 C P(j ;20)  
TECHNICAL REPORT NO. N-28 
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4. Average Total Inspection, for  Lot. Size N=1000 (at p = .02) 
I - I 
AT1 = ASN + (N-nl) C Pn (i,x > A) + (N-nl=n2) (1-P .I C 
i=cl+l 1 a i=cl+l 1 
Pn (i,; > A) ) 
1 n 20 - 
= ASN + (1000-5) C P5(i,z > 0.05) + (1000-5-20) (l-Pa- C P5(i,c> 0005)) 
i=l+l i=l+l 
but 
1=2 = i d  
5 -  I (  1 
C P5(i,z> 0.65) = P ( T >  fi(0.05)) - C P5(i,L> 0.05) 
1-2 130 
= 25082 
5. Average Outgoing Quality, f o r  Lot Size = 1000 (at p = .02) 
AOQ = [P(; s A)(N-nl) + (P a =PG s A)) (N-nl-n2) j 
= .02 lo00 [ P(; S filzA)(100015) + (og%P(L TYzA) (100015-20) ] 
= . m 2  C.5445(995) + (.998-.5445)(975)1 
= e0197 
. 
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3.1 The Nature of P-(i,Y > A) 
As indicated i n  Technical Report N-26 [l], t he  probabi l i ty  Pn(i ,=> A )  
can be evaluated by uee of the formulas: 
A 
n t L  
IrC "u 3 
A Z 
U 5 
, i = O  
where 
e = z value of acceptance limit f o r  t h e  sample mean A 
5 
z = z value of a sample mean 
= z value o f  the upper spec i f i ca t ion  l i m i t  U - 
t,y,w = var i ab le s  o f  in tegra t ion  
Fn(u) = cumulative probabi l i ty  of t he  extreme deviate fmm the 
sample mean i n  s tudent ized form (u)  f r o m  a sample of n 
as tabulated by Nair [ 31 and Grubbs [4]. 
P ( i ,y> 5 ), then, represents  the probabi l i ty  desired f o r  samples n A 
taken from a atandard normal universe, i.e. a normal d i s t r i b u t i o n  having 
mean 0 and standard deviat ion 1. Using t h e  z transformation, f o r  a par- 
t i c u l a r  value of i: 
TECHNICAL REPORT NO. h-28 
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3.2 Comwtation of Tablea 
- Values of Pn(i ,x  > A) for samples f r o a  a standard normal m i v e r s e  
were calculated on t h e  7040 computer a t  t h e  Computation Center Of 
Rutgers - The S t a t e  Universi ty  us ing  a program based o n  the  scheme pre- 
sented i n  111. 
with a provision f o r  vaqt ing  t h e  number of i n t e r v a l s  au tomat ics l ly  t o  achieve 
less  than a predetermined res idua l  e r r o r  i n  t h e  r e s u l t i n g  answer. 
i n t e rpo la t ions  a r e  performed using t h e  Lagrangian s i x  point formula which 
has  proved t o  be more than adequp.te i n  most cases. 
t o  accept  e i the r  t h e  Nair L3] or  t h e  Gmbbs 141 t a b l e s  of Fn(U) as input  . 
For s m g l e s  of s i z e  less than 10, IJair's t a b l e s  are  to  be  p re fe r r ed  because 
of smaller increments in the argument and g r e e t e r  precis ion.  
t a b l e s  can be employed f o r  sample s i z e s  10 t o  25. Tables of Pn(O,y > A )  
were prepared and used as input  f o r  computation of Pn ( i , x  > A) f o r  accept- 
ance numbers g rea t e r  than zero as  ind ica t ed  i n  113. 
T h i s  progrm in teqa tes ,  ilsing t h e  extended Simpsoc's r u l e ,  
A l l  
The rou t ine  was designed 
5 
Crubbs' 
The program was designed t o  c a l c u l a t e  the r e s i d u a l  e r r o r  f o r  each 
in t eg ra t ion ;  i f  the  e r r o r  exceeded a predetermined l i m i t  t h e  number Of 
i n t e r v a l s  was automatical ly  increased unt i l  t h e  e r r o r  was made small enough 
o r  u n t i l  the  number of i n t e r v a l s  reBched 1000. The f i n a l  p r i n t o u t  included 
the r e s i d u d  e r r o r  for each in tegra t ion .  
i n  the appendix i s  less than 5 x log6. 
Residual e r r o r  f o r  a l l  e n t r i e s  
Generated and propagated e r r o r  were a l s o  inves t iga ted .  Forward 
d i f fe rence  t ab le s  were prepared on a l l  input  da ta ,  i .e.,  Fn(U) and 
5F, (~)  i s  the  cumulative p robab i l i t y  of t h e  extreme d e v i a t e  from t h e  Sample 
mean i n  s tudent ized form. 
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Pn(O,Y> z ), t o  assess the generated e r ro r  resulting from the in te rpola t ions  
performed and t o  check t h e i r  accuracy. 
e n t i r e  program was investigated by examining the  increment of t he  funct ion 
involved as approximated by the t o t a l  d i f f e ren t i a l .  
was determined fo r  t h e  magnitude of t he  maximum e r r o r  
extremely conservative nature of t h i s  appmach the actual  e r r o r  i n  t h e  
tabulated values is expected t o  be much l e s a  than t h e  upper bound. 
r e s u l t  the  values presented i n  the  appendix are believed t o  be accurate 
to 4 places when c = 0 and 3 places when c = 1, 2. 
A 
Propagated error t h r o u a o u t  t he  
Thus, an upper bound 
6 
Because of t h e  
As a 
For sample s izes  l e a s  than 10 the upper bound was detennined as 
5 x loo5 for c P 0; 5 x loo5 for  c - 1, 2. 
upper bound was 5 x loo5 for c = 0; 6 x loo3 f o r  c = 1 and 2 x IOw2 
for c = 2. 
6 
For sample s i a e  10 the  
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APPENDIX - TABLES 
The following tables give values of t he  j o i n t  p robab i l i t y  of a sample 
mean greater than a given limit eA and i defec t ives  i n  t h e  sample, for 
samples from the  standard normal d s r i b u t i o n ,  i.e. one having mean 0, 
and standard deviat ion 1. 
To use these  t ab le s  t o  evaluate Pn( i ,z  > A) f o r  some spec i f ied  
f r a c t i o n  defec t ive  pb with known standard deviat ion u, upper spec i f i ca t ion  
l i m i t  U, and acceptance l i m i t  A, for i defectives i n  a sample of n, proceed 
a8 follows: 
(1) Determine the  standard noma1 dev ia t e  c u t t i n g  of f  an upper t a i l  
Call t h i s  eU. By defin- 
(2) Calculate:  
(3) From t h e  appropr ia te  table f o r  n and i, f i n d  the  probabi l i ty  
area of p i n  the  normal d i s t r ibu t ion .  
i t i o n ,  t h i s  corresponds to  the  e-value of U. 
z = sU - (-) = cu - k. A U 
desired in t h e  column headed with the s p e c i f i e d  value of p arxl 
in t h e  row corresponding t o  zA. 
For example, t o  obtain P (O,?> 201.0) f o r  f r a c t i o n  defec t ive  p = .02, 5 
with known standard deviat ion Q = 4.0, upper spec i f i ca t ion  l i m i t  209.0 and 
acceptance limit A = 201.0 f o r  exac t ly  i = 0 defec t ives  i n  a sample of n = 5: 
(1 )  From normal tables, the e value c u t t i n g  of f  an upper t a i l  area 
of p = .02 i s :  
eU = 2.05 
(2) Calculate 
) = .05 00-201.0 4 00 e = 2.05 - (*09 A 
(3)  &om t h e  t a b l e  f o r  n = 5, = 0, under f r a c t i o n  defec t ive  p = .02, 
t he  p robab i l i t y  carresponding t o  eA = .05 as t h e  argument is: 
P5(0,y> 201.0) = .3736. 
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JOINT PROBABILITY OF 
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